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A variational and diffusion quantum Monte Carlo study of germanium in the diamond structure
is reported, in which local pseudopotentials are used to represent the ion cores. We calculate the
energy of the free atom and the energy of the solid as a function of volume. The calculations for
the solid are performed using a supercell method. We analyze the translational symmetry of the
supercell Hamiltonian and show that the eigenstates can be labeled by two wave vectors, k, and k,.
The wavevector k. arises from the invariance of the Hamiltonian under the translation of any one-
electron coordinate by a supercell translation vector, while the wave vector k,, which is the crystal
momentum of the wave function, arises from the invariance under the simultaneous translation
of all electron coordinates by a translation vector of the crystal lattice. Our solid calculations
are performed using wave functions with nonzero supercell wave vectors k,, which gives better
convergence with the size of supercell than previous zero-wave-vector calculations. The relationship
of this method to the special k-points techniques commonly used in band-structure calculations is
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discussed.

1. INTRODUCTION

Quantum Monte Carlo (QMC) methods offer the pos-
sibility of performing highly accurate calculations on
many-body electronic systems. In variational quantum
Monte Carlo (VMC) (Ref. 1), the energy is calculated
as the expectation value of the Hamiltonian with an ap-
proximate trial wave function, and the required multidi-
mensional integrals are evaluated using a Monte Carlo
method. The accuracy of a VMC calculation is ulti-
mately limited by the quality of the many-body wave
function used, which may contain a number of vari-
able parameters. In the diffusion quantum Monte Carlo
(DMC) method,? a distribution is generated via propa-
gation of the imaginary-time Schrédinger equation from
which, in principle, exact energies can be calculated.
This method makes use of importance sampling, in which
the guiding wave function is used to bias the sampling to-
wards regions where the wave function is large, thereby
reducing the variance of the estimate of the energy. To
make the calculations tractable the so-called fixed-node
approximation®* is normally used, in which the nodal
surface of the wave function is constrained to be equal
to that of an approximate guiding wave function. The
fixed-node approximation, which often leads to very sat-
isfactory results, overcomes the so-called sign problem,
which plagues most fermion QMC methods. A second
approximation is normally made in DMC calculations,
the so-called short-time approximation, but the effect of
this can usually be made very small.

Variational quantum Monte Carlo and DMC methods
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of the type discussed here have been widely used in stud-
ies of electronic systems with small numbers of particles,
such as atoms and molecules,® and jellium spheres.’ Ap-
plications to solids have used periodic boundary condi-
tions to reduce the number of particles to a manageable
size of up to a few hundred. The number of applica-
tions to solids is still quite small; we note in particular
studies of the homogeneous electron gas (jellium),* a jel-
lium surface,® phases of solid hydrogen,” and pseudopo-
tential studies of solids composed of heavier atoms such
as carbon,®? silicon,®*? germanium,! and nitrogen.?

Recently, we introduced a method for performing VMC
and DMC calculations for periodic solids with wave func-
tions having nonzero wave vectors.!! Performing calcula-
tions at non-zero wave vectors allows the adoption of a
set of ideas familiar from band structure theory known
as special k-points methods.'>*% In band-structure cal-
culations these methods are used to perform. accurate
Brillouin zone (BZ) integrations for insulating solids us-
ing only a small number of k-points, which corresponds to
considering a system with a small number of particles and
periodic boundary conditions. We have shown that these
ideas can be applied to VMC and DMC calculations,!
giving excellent results for small system sizes, so that the
finite-size effects are significantly reduced. The purpose
of this paper:is twofold: first to describe in detail the
theory of performing VMC and DMC calculations with
non-zero wave vectors, and second to report results for
the energy of diamond-structure germanium as a function
of volume.
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II. TRANSLATIONAL SYMMETRIES
OF THE SUPERCELL HAMILTONIAN

We start with a careful study of the translational sym-
metries of the Hamiltonian, H, used in supercell many-
body calculations for electronic systems. H can be writ-
ten in the form®*®
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where {R,} is the set of translation vectors of the su-
percell lattice, the potential V(r) has the periodicity of
{R,}, and N is the number of electrons in the supercell.
In supercell many-body calculations one is often inter-
ested in the case where the primitive translation vectors
of the supercell lattice are integer multiples of the prim-
itive translation vectors of an underlying crystal lattice.
These integer multiples are denoted by n; and we refer
to a n1 X ny X ng supercell. It follows that V(r) has the
periodicity of the set, {R,} of translation vectors of the
underlying crystal lattice, of which {R,} is a subset.

The Hamiltonian H has two different translational
symmetries:

(i) H is invariant under the translation of any electron
coordinate by a vector in {R,}.

(ii) H is invariant under the simultaneous translation
of all electron coordinates by a vector in {R,}.

Symmetry (ii) holds for the Hamiltonian of the truly
infinite system, but symmetry (i) arises from the use of
the supercell method. We will now demonstrate that each
of these symmetries results in a Bloch type condition, and
that the Bloch eigenfunctions of H can be labeled by two
separate wave vectors, denoted by k, and k.

Symmetry (i) implies that the wave function can only
change by a phase factor when any single electron is
translated by a supercell lattice vector.
guishability of the electrons then implies that the phase
factor must be the same no matter which electron is
moved. This may be demonstrated by applying Bloch’s
theorem separately to the first and second arguments of
the wave function, assuming for the moment that the
corresponding k-vectors are different:

W(ry,rz,..) = e *ReG(r; + Ry, 1o, i)y (2

T(ry,ra,...) = e‘ik"R‘\I'(rl,rz +R,,...). . (3)
Applying the permutation symmetry to Eq. (2) gives

¥(ry,rz,...) r;'—e—ikl'R'\If(rz,r} + R,y one)e (4)
Ti‘anslaﬁing the second argument by —R,, gives

T(ry,ra,...) = —e""(kl"kz)'R'\Il(rz,rl, ) (5)

and using the permutation symmetry once more yields

The indistin-
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¥(ry,ry,...) = e“"(kl‘k’)'R'\I!(rl,rg, ) (6)
It, therefore, follows that
k, —k; € {G.}, (7)

where {G,} is the set of vectors reciprocal to {R,}. The
phase factor exp(—ik; - R,) is unchanged when a vector
in {G,} is added to k; and, therefore, k; may be reduced
into the first BZ of the supercell reciprocal lattice. Con-

~sequently, we can choose k; = ky = k,, without loss of

generality, and ¥ can be written in the form

N
Ty, ({r:}) = i, ({ri}) exp (ik, ' Zrz) , (8)

where Uy, is invariant under the translation of any elec-
tron coordinate by a vector in {R,}, and is antisymmet-
ric under particle exchange. [We have omitted the band
index in Eq. (8) and elsewhere, as we will be concerned
only with the lowest band.]

We now consider translational symmetry (ii) of H. The
operators, generating the simultaneous translation of all
electron coordinates by a vector in {R,} form the same
symmetry group as the standard one-electron translation

_operators, which occur in the proof of Bloch’s theorem
found in many textbooks. The irreducible representa-
tions may be labeled by a single wave vector and the
eigenfunctions of Eq. (1) transform according to

({r: + Rp}) = e e ¥({r:}), (9)

where the wave vector k, is the crystal momentum of
the wave function, and k, can be reduced into the first
BZ of the lattice reciprocal to {R,}, which we refer to
as the primitive BZ. It follows that the eigenfunctions of
Eq. (1) can also be written in the form

N
T, ({x:}) = Wi ({x3}) exp (ikp ¥ 2) )

where Wy, is invariant under the simultaneous transla-
tion of all electron coordinates by a vector in {R,}, and
is antisymmetric under particle exchange.

The operators which generate the translation of all
electrons by a vector in {R,} and the operators which
generate the translation of an electron by a vector in
{R,} commute with one another. It, therefore, follows
that the eigenfunctions of Eq. (1) can be chosen to sat-
isfy Eqs. (8) and (10) simultaneously, whereupon Uy,
and Wy, differ only by a phase factor, which depends on
the positions of the electrons. Because the set {R,} is a
subset of {R,} there is a relationship between k, and k,.
If we write the wave function in the form of Eq. (10), and
translate all electron coordinates by a supercell transla-
tion vector, R,, then we obtain the same relation as Eq.
(9), but with R, replaced by R,. Performing the same
translations on the wave function of the form of Eq. (8)
gives

T({r: + R,}) = ™ VR ¥ ({r;}). (11)



These two forms for ¥({r; + R,}) must be equal, and,

therefore,

Nk, -k, € {G,}. (12)

We emphasize that the simple relation Nk, =k, is only
one of the possible ways to satisfy Eq. (12), and indeed
most of the numerical results presented in this paper are
for wave functions with Nk, # k,. A complete descrip-
tion of the translational symmetry of the wavefunction
is given by specifying both k, and k,, and therefore we
write ‘I’k,,kp-

In the limit of an infinite-sized supercell, the value of
k, must tend to zero for all wave functions of the form
of Eq. (8). However, the ground state of a finite-sized
supercell need not have k, =0 or k, = 0. We have con-
structed an explicit example to illustrate this, consisting
of a system of noninteracting electrons in a fixed periodic
local potential, so that the ground state wave function is
a single determinant, and the total energy is the sum
of occupied band energies.
from a local-density approximation (LDA) calculation for
diamond-structure germanium. We considered the small-
est possible supercell, which is just the primitive unit cell,
into which were placed six electrons, three spin-up, and
three spin-down (not the eight electrons per unit cell of
real germanium). In order to form a state with a def-
inite k,, the one-electron orbitals must be chosen from
a single k-point in the supercell BZ, which is the same
as the primitive BZ in this case. The set of k, values
consistent with k, = 0 forms a 6 x 6 X 6 mesh within
the primitive BZ centered at k = 0, and the lowest to-
tal band energy at a point on this mesh was obtained at
k = (2/3,2/3,0)27/ao in Cartesian coordinates, where
ag is the cubic lattice constant. However, k-points neigh-
boring this point (but not on the mesh) gave lower total
band energies, and, therefore, the ground state of this
supercell cannot have k, = 0 or k, = 0. [For a local
potential it is straightforward to show that the lowest
energy orbital must have k = 0, so that for the special
case of one electron in the supercell (or two electrons of
opposite spin) the ground state must have k, = 0 and
k, =0.

To co]nclude this section, we mention other symmetries
of the functions Uy, and Wy,. Time reversal symmetry
implies that Uy, ({r:}) = Uy, ({r:}), and if, in addition,
the potential V(r) has inversion symmetry, then we can
choose U_y, ({r;}) = Uk, ({—r;}). However, for an arbi-
trary wave vector, k;, the supercell periodic function Uy,
is complex, and cannot be chosen to be real unless k, = 0.
Of course Uy, may satisfy other symmetry relations asso-
ciated with the crystal symmetry of the potential V(r).
The function Wy, satisfies similar relations.

III. TRIAL/GUIDING WAVE FUNCTIONS
FOR VMC AND DMC CALCULATIONS

Typically the approximate wave function used in VMC
calculations and the guiding wave function used in DMC
calculations for solids is chosen to be of the Slater-

Jastrow-Bijl form:
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Zzu(lrz —r; —R,|)

8 z>-7

+ Z X(ri)] Dy, x5 (13)

where the function u(r) correlates the electrons in pairs,
x(r) is a one-body function, and Dy, i, is a determinant
of single-particle orbitals. x(r) is chosen to have the peri-
odicity of {R,} (and any other symmetries of the crystal)
and the u term is invariant under translations of all elec-
tron coordinates by any constant vector as well as under
translations of a single-electron coordinate by vectors in
{R.}.

It is certainly not necessary to use Bloch wave func-
tions with well defined values of k, and k, in QMC calcu-
lations, and for some purposes it might be advantageous
to use linear combinations of degenerate Bloch wave func-
tions. For example, one can always form real wave func-
tions from a linear combination of Bloch wave functions
with £k, or +k,. However, the Bloch wave functions are
convenient for our purposes and are used throughout this
paper. To form a wave function of the form of Eq. (13),
the values of the wave vectors k, and k, are determined
by the wave vectors of the states which enter the deter-
minant, which we denote as k;, where each k; lies within
the primitive BZ. In order to form a determinant, which
has a definite k,, it is necessary that the one-electron
states all have the same wave vector when reduced into
the supercell BZ, which corresponds to a regular mesh
or lattice of wave vectors in the primitive BZ. The trans-
lation vectors of this mesh are the set {G,}, the offset
of the mesh from the origin gives the value of k,, and
the wave vector k, is equal to 21: k;. In our work the
single-particle orbitals are obtained from self-consistent
LDA calculations, which will be discussed in more deta11
later in this paper.

For the u function, we use the common form*

A Tii
i) = 2 [1-emp (-5 )] 9
ij 0,0

where r;; is the distance between electrons 1 and j, o
denotes the spin of electron ¢, and A and Fy,,0; are con-
stants. We impose the cusp conditions,*” which constrain
the form of the wave function as r;; — 0, and lead to

Fo0; = 1/ (24) for pa,ra.llel spins and F,,Ht,.J = /A4 for
antiparallel spins. The only free parameter in u is then
A, which we set equal to 1/4/(47N/Q), where N/Q is the
number of electrons per unit volume. This form for A is
motivated by previous work on the homogeneous elec-
tron gas, which showed that at large electron separations
u should have a 1/r;; dependence with a coefficient of
1/wp, where wy, is the plasma energy.*'® This dependence
of u on the plasma energy has been used with success m '
previous calculatlons on the homogeneous electron gas,*
and on carbon®? and silicon.%*?

The determinant of LDA orbitals generally gives a
good description of the charge density. However, the ad-

dition of the correlation function, u, in Eq. (13), keeps
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the electrons away from each other and produces a strong
and unphysical smoothing of the charge density. The
single-body x function allows the electronic charge den-
sity to be altered to counteract this smoothing effect. We
_have used the prescription due to Fahy et al.®? for ob-
taining a x function, which returns the charge density
towards the LDA form. In this prescription x is given by

= 3w 22 o

where prpa is the LDA charge density and py y=o is the
charge density obtained from a VMC calculation with a
wave function of the form of Eq. (13), but with x(r) = 0.

IV. SPECIAL k-POINTS METHODS
FOR SUPERCELL MANY-BODY
CALCULATIONS

Having understood that the -eigenfunctions of the
Hamiltonian of Eq. (1) can be labeled by the two wave
vectors, k, and k;, it is natural to ask the question “what
values of k, and k, should be chosen to represent a par-
ticular physical situation?” If one is interested in excita-
tion energies then the quantum number of interest is k,,
but to obtain wave functions with different values of ky,
it may be necessary to use wave functions with k, # 0,
because k, and k, are linked via Eq. (12). We note a
recent DMC study of solid nitrogen'? in which a wave
function with k, = 0 but k, # 0 was used to represent
an excited state. We will deal with excitation energies
elsewhere, and here we concentrate on the ground state
properties, so that the question we address is “for a given
size of supercell, what values of k, and k, should be cho-
sen to represent most accurately the ground state of the
infinite system?” The. earlier calculations of Refs. 7-10
used wave functions with k, = k, = 0 for this purpose;
however, the problem of choosing the finite system which
best represents the infinite system has already been ad-
dressed within the context of band-structure calculations
and, after rephrasing in our language, the conclusion is
that one should certainly not use k, = 0, and should
sometimes choose k, # 0 as well.

The method of special k points in band-structure the-
ory is a technique for performing BZ integrations, using
only a small number of k-points.'>™*® This method gives
excellent results when integrating over full bands, but
poorer results for partially occupied bands, and, there-
fore, the method is used mostly for insulating systems.
The integration over the BZ is analogous to the integrals
over configuration space performed in QMC calculations.
In the original special k-points scheme of Baldereschi'® a
single k point in the BZ was selected such that the value
at this point of, for example, the band-structure energy,
gives the best estimate of the integral over the entire
BZ. Subsequently multipoint schemes were introduced to
obtain more accurate results, of which the Monkhorst-
Pack (MP) scheme'* has been the most widely used in
band-structure calculations. The MP scheme consists of
choosing a lattice or mesh of k points, whose translation
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vectors are defined by dividing each of the reciprocal-
space translation vectors of the primitive cell, b;, by
an integer n;. In the original paper,’* the offset of this
mesh from the origin was fixed, but this condition was
later relaxed.!® It should be clear that, in the language
of many-body supercell calculations, a determinant of
single-particle orbitals, whose k vectors lie on a MP-type
mesh, forms a wave function for an n; X ny X nz supercell
with a definite value of k,, equal to the offset of the MP
mesh from the origin.

The original analysis of Baldereschi!® can be applied to
the supercell rather than the primitive cell, to show that
the best offset of the mesh is the Baldereschi mean value
point of the supercell BZ. This often leads to a wave func-
tion with k, # 0 and k, # 0. Unfortunately, this choice
is not always convenient because for some lattices (for ex-
ample the fcc lattice used in our studies) the correspond-
ing mesh of k points does not have inversion symmetry
and therefore a determinant formed from these orbitals
must be complex. Instead of choosing the Baldereschi
point of the supercell BZ, we recommend the grid defined
by offsetting the basic mesh from the origin by G,/2,
where G, is a supercell-reciprocal-lattice vector. This
mesh always has inversion symmetry, and therefore, for
a closed shell configuration, it is possible to form linear
combinations of the orbitals which are real, from which
a real determinant can be constructed.

It is important to realize that a determinant having
a definite value of k, # 0 will not in general have the
full symmetry of the lattice. The crystal symmetry is re-
trieved in the limit of a large supercell (i.e., large n;).
This symmetry breaking is not important for the to-
tal energy, but it may have undesirable effects on other
quantities; for example the electronic charge density will
not have the full crystal symmetry. The simplest way of
dealing with this problem within QMC calculations is to
symmetrize the charge density (or other quantity) after
the calculation has been performed. Within LDA calcu-
lations a different approach is often adopted, in which
the self-consistent calculation is performed on a sym-
metrized set of k points. This strategy normally results
in an inferior value of the total energy because the the-
orems which underlie the success of the MP scheme do
not apply. Even more serious problems arise if one tries
to adopt this strategy within QMC calculations. The
symmetrized mesh of k points may provide more linearly
independent one-electron states than there are electrons
in the supercell, and, therefore, a multideterminant wave
function is required, which adds to the cost of the cal-
culation. Moreover the resulting wave function may not
have a definite value of k,, which means that the inte-
grals over configuration space may need to be performed
over a larger volume (see later).

The theory of why special k-points methods work well
in band-structure-type calculations is well established,
and we refer the reader to Refs. 13-15 for a detailed dis-
cussion. In crude terms, the bands have turning points at
the center and edges of the primitive BZ, and, therefore,
the best place to sample the BZ to get a good estimate
of the mean band energy is roughly halfway between the
zone center and the zone edge. We remark that LDA cal-



culations, which are essentially of band-structure type,
normally give good results for solids, and indeed density-
functional theory is in principle an exact theory of inter-
acting electron systems cast as a band-structure method.
It, therefore, seems natural that the basic ideas of special
k-points methods should be transferable to QMC calcu-
lations. This justification is not phrased in the language
of QMC calculations and so is not wholly satisfactory;
but the successes reported in this paper and our previ-
ous paper'! provide plenty of supporting evidence.

The purpose of the special k-points method is to obtain
results for small supercell sizes, which accurately reflect
the results which would be obtained for very large su-
percells. In QMC calculations for solids, it is normal
to apply finite-size corrections, which are often calcu-
lated within the LDA. For the example studied in this
paper of diamond-structure germanium these corrections
work well, and the corrected QMC results are quite sim-
ilar, whether or not the special k-points method is used.
However, the most important applications of QMC will
be to systems where the LDA works poorly. In such
cases, the LDA. finite-size corrections are unlikely to can-
cel the QMC finite-size errors accurately, and the special
k-points method will be particularly useful.

V. SPECIAL CONSIDERATIONS
FOR QMC CALCULATIONS

In VMC calculations the energy, Evmc, is evaluated
as

J(®%, 1, Breon) (B i, HPre, ;)
‘]‘ (@i:, Xp @ks Jkp )

Evme = . (16)

where @y, x, is the approximate wave function,
(®%, x, Pk, K, ) is a probability distribution, which is real
and positive, and (@l::,kp H ®y, k,) is the local energy.
The probability distribution is generated in a pointwise
fashion, using a random walk procedure such as the
Metropolis algorithm, and the local energy is accumu-
lated (after a period of equilibration) along the walk. For
general k, and k, vectors the local energy is complex at
points along the walk, but in the limit of exact sampling
the imaginary parts cancel from Eq. (16). The integrals
in Eq. (16) are over all of configuration space, but by us-
ing the translational symmetry of @y, ik, and H , We can
restrict the region over which the integrals need be evalu-
ated. If an electron coordinate is translated by a vector in
the set {R,}, then the wave function ®y, i, is multiplied
by a phase factor e?*:"®=_ which leaves both the probabil-
ity distribution and the local energy unaltered. It follows
that the integrals in Eq. (16) need be performed only over
a single supercell in configuration space. The additional
translational symmetry of Eq. (10) may further reduce
the irreducible portion of configuration space. If func-
tions other than Bloch wave functions are used, then the
irreducible portion of configuration space could be larger
and more Monte Carlo sampling might be required to
obtain accurate results.
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In our DMC calculations we choose the initial con-
figurations from the distribution (®j i ®x,x,), Where
the guiding wave function @y, is obtained from a
VMC calculation. States with different values of k, or
k, are orthogonal and, therefore, the imaginary time
propagation asymptotically generates the distribution
(%, x, Pic, k), Where ¥y, i, is the best (lowest energy)
wave function with wave vectors k, and k,, which has
the same nodal surface as @, x, The DMC energy is
calculated from

ST, 1, B, ) (Bich i, H O, 1)
f (Qi, ,kP @ka 1kp ) *

Epmc is real, but for arbitrary k, and k, vectors, the
distribution (¥, @i, k,) is complex. We have not at-
tempted to generate this distribution by a modified algo-
rithm, such as the fixed-phase approximation of Ref. 19,
but instead we have used the standard DMC algorithm
for cases where both Py, x, and ®y, x, can be chosen
to be real. The fixed-node approximation®* was imple-

Epuc = e (17)

‘mented by rejecting any moves in which a node crossing

was attempted. As is the case for the VMC calculations
described earlier, all of the supercells in configuration
space give equal contributions to Eq. (17), and the in-
tegrals need be performed only over a single supercell.
In fact, we do not restrict the electron coordinates to be
within a single supercell because this offers no computa-
tional advantage. However, if one wished to impose such
arestriction, one would shift the electron coordinates into
the chosen supercell by removing vectors in {R,}, which
would multiply the wave function by a phase factor and
may involve moving to a new nodal cell. Obviously such
an arbitrary move to a new nodal cell must not be re-

garded as an attempt to cross the nodal surface. -

The nodal cells of real many fermion wave functions al-
ways fall in to one or more classes, with nodal cells in the
same class related by permutation symmetry.2® Generat-
ing these classes is, in principle, straightforward. Omne
chooses any electron configuration R = {ry,rs,...,rx}
at which the wave function, ¥(R), is nonzero. Appli-
cation of all N! permutation operators (including the
identity) to R generates the set of points related to R
by permutation symmetry. These N! points lie in N! or
fewer different nodal cells, which make up the first class.
If the cells in this class do not cover the configuration
space, then a new class may be generated in the same
way, starting with an arbitrary point lying in an unfilled
nodal cell. Eventually, the configuration space will be
covered, and all nodal cells will have been assigned to
one of the different classes.

The tiling theorem?? states that if T'(R) is the ground
state eigenfunction of a system of identical fermions, then
all its nodal cells are in the same class. The theorem
holds only for real ground states, but all eigenfunctions
can be chosen to be real if the Hamiltonian has time
reversal symmetry. Real eigenfunctions are not usually
Bloch functions of the form of Egs. (8) and (10), but
are instead linear combinations of degenerate states with
different wave vectors k, and k,.

The proof of the tiling theorem is straightforward.
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Suppose that the theorem is not true and that the ground
state wave function ¥(R) contains two or more different
classes of nodal cell. Construct a trial wave function by
reversing the sign of ¥ within all nodal cells belonging to
the mth class. This trial function is totally antisymmet-
ric and has the same energy expectation value as ¥(R).
Hence, it must also be a good ground state wave function,
or a linear combination of degenerate ground states. This
ijs impossible, however, since the trial function has slope
discontinuities across the nodal surfaces joining cells of
class m to cells of other classes, and so cannot even be
an eigenfunction, never mind the ground state. We con-
clude that the initial hypothesis that ¥ was the ground
state must have been wrong, and that the true ground
state has only one class of nodal cell.

In a typical DMC calculation the nodal surface is im-
posed by using a guiding function, whose nodal surface is
that of an LDA ground state wave function. The nodal
surface of the guiding function is that of the ground state
of a many-fermion problem (the noninteracting LDA
problem) and so the tiling theorem applies. This does
not mean that the nodal surface is exact — the nodes of
the real interacting system may be quite different — but
simply that all the nodal cells are related by permutation
symmetry. It follows that DMC calculations in different
nodal cells all give the same energy, and so a simulation
in a single arbitrarily chosen cell is adequate in principle.
In practice, we start with configurations generated from
a VMC run and do not use this fact; but it does ensure
that the final DMC energy is independent of the initial
distribution of configurations.

The tiling theorem is not of great practical importance
since the fixed-node DMC method gives a variational es-
timate of the ground state energy even when a guiding
function with more than one class of nodal cell is used.
However, DMC calculations in nodal cells belonging to
different classes are not equivalent, and the best varia-
tional result consistent with the given nodal surface is
obtained only if some of the configurations start out in
nodal cells of the lowest energy class.

It is simple to extend the tiling theorem to show that
all the nodal cells of the lowest energy wave function of
a given k, are related by symmetry, provided that the
wave function can be chosen to be real. As mentioned
previously, one can construct Bloch wave functions of the
form of Eq. (8) which are real by choosing k, = G,/2,
so that the states at +k, and —k, differ by the supercell
reciprocal lattice vector G,, and are therefore equivalent.
(Of course one can also generate real wave functions by
choosing k, = G,/2.)

The extension of the tiling theorem relies on the fact
that the irreducible representations of the translation
group are one dimensional, so that there is a unique low-
est energy wave function with a given k,. If this function
can be chosen to be real then it can at most change sign
when a single electron is translated by a supercell lattice
vector. The nodal surface must, therefore, be invariant
under such translations. The nodal cells of the lowest
energy k, wave function can be divided into classes just
as before, except that now we use both permutations and
translations in generating the members of a class. If the
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lowest energy state has more than one class of nodal cell,
then again we can find a trial function of the same en-
ergy by reversing the sign in all nodal cells of one of the
classes. This trial function is antisymmetric and has the
same value of k,, but has cusps and so is not an eigen-
function. The lowest energy k, eigenfunction cannot be
degenerate with a function of the same k,, which is not
even an eigenstate, and hence must have only one class
of nodal cell.

VI. CALCULATIONS FOR GERMANIUM
IN THE DIAMOND STRUCTURE

To illustrate the method of performing VMC and DMC
calculations described above, we have performed a set of
calculations for germanium in the diamond structure. In
a previous paper,!! we gave the results of similar calcu-

_lations at the experimental equilibrium lattice constant

of germanium of ap = 5.65 A, while in this paper, we
give results for the energy at seven different volumes.
The single-particle orbitals from which the determinant
for the trial or guiding wave function of Eq. (13) was
constructed were obtained from self-consistent LDA cal-
culations, and the Ge** ions were represented using a
local pseudopotential of Starkloff-Joannopoulos form,2!

_Z (1 —e™om)

Voolr) = — T ¥ eate )

(18)
with Z = 4, a = 18, and . = 1.05. This pseudopo-
tential has quite a hard core and to represent the LDA
orbitals for the solid calculations we used a plane-wave
basis set containing all waves up to a kinetic energy cut-
off of 40 Ry. The local pseudopotential of Eq. (18) is
significantly inferior to a fully norm-conserving nonlocal
pseudopotential,?? but tests using the LDA show that
it is of similar quality to the best pseudo-Hamiltonian?3
that we could produce for Ge*t.

We now discuss our choice of the states used to form
the determinantal part of the trial/guiding wave func-
tion [Eq. (13)]. As mentioned in Sec. IV, we choose
k, = G,/2, so that the mesh of k points in the primi-
tive cell has inversion symmetry, which ensures that, for
a closed shell configuration, a set of real orbitals can be
formed. For our calculations we have used a fcc super-
cell, and in this case, there are three possible choices of
G, /2 which lie within or on the surface of the supercell
BZ: G,/2 = (0,0,0)27/a,, (where a, is the cubic lattice
constant of the supercell), G,/2 = (1/2,1/2,1/2)2n /a,,
and G,/2 = (1,0,0)2x/a,, i.e., the I', L, and X points
of the supercell BZ. In order to determine which of these
vectors gives the best result, we performed a set of LDA

_calculations for supercells of sizes 1 x 1x 1 up to 8 X8 x 8,

using each of these three choices of k,, and also a set of
calculations, using k, = kp = (0.6223,0.2953,0)27 /a,,
where kg is the Baldereschi mean-value point!® of the
supercell BZ. The calculated LDA energies per atom are
plotted as functions of supercell size in Fig. 1, from
which we can see that the energy from the I'-point cal-
culations converges quite slowly with increasing supercell
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FI1G. 1. Local-density approximation energies for n X n xn
supercells of diamond-structure germanium in eV per
atom. k, = (0,0,0)2w/a; wave functions (squares),
(where @, is the cubic lattice comstant of the super-
cell), k. = (1/2,1/2,1/2)2n/a, wave functions (dia-
monds), ks = (1,0,0)2w/as wave functions (triangles), and
k; = kp = (0.6223,0.2953,0)2n/a, wave functions (circles),
where kp is the Baldereschi mean-value point (Ref. 13) of the
supercell BZ.

size, whereas the convergence of the X-point calculations
is significantly better, and the L-point convergence is bet-
ter still, and is only slightly inferior to the convergence of
the Baldereschi point calculations. We have, therefore,
chosen the L-point wave function for our QMC calcula-
tions. In fact, it turns out that if n;, ng, and n3 are
even, then this choice corresponds exactly to a MP mesh
as defined in Ref. 14, while if any of n;, ng, or ns are
odd, then a BZ integration performed with this mesh is
superior to one using the corresponding MP mesh.

In our previous work,'! we reported results of calcu-
lations for diamond-structure germanium at the equilib-
rium volume, which were performed with the same tech-
niques as used here. Here, we report calculations for
diamond-structure germanium as a function of volume.
We have used 2 x 2 x 2 fcc supercells containing 64 elec-
trons, and have performed LDA, VMC, and DMC calcu-
lations using the L-point wave functions described above,
which have k, = 0 and k, = (1/2,1/2,1/2)27/a,. An
excellent description of the VMC method can be found
in Ref. 9, and we follow the methodology given there
closely. We have used an optimized Ewald method?* to
perform the Coulomb sums, in which the split between
the real- and reciprocal-space functions is optimized for
rapid convergence. For the calculations described here,
this method is roughly three times faster than the stan-
dard Ewald technique.® The plane-wave basis set used to
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represent the single-particle orbitals in our calculations
is very large (~ 1300 plane waves at the equilibrium vol-
ume), and the most expensive part of the calculation is
the evaluation of these orbitals at the electron positions.
We move one electron at a time, and for the VMC calcu-
lations the average distance of each attempted move was
adjusted so that the acceptance/rejection ratio was ap-
proximately 50%. In order to obtain accurate statistics
for the VMC results, 30000 moves of all the electrons
were made.

For the DMC calculations, we used the same 2 x 2 x 2
supercells and the same trial/guiding wave functions as
in the VMC calculations. The DMC calculations were
performed using the fixed-node and short-time approxi-
mations. We used a time step of 0.015 a.u., which is the
same value as used in the study of silicon by Li et al.,*°
who demonstrated that the resultant time-step error was
small in that case. The average number of configurations
in the ensemble was 200, and for each configuration 3000
moves of all the glectrons were performed, except for the
equilibrium volume where 5000 moves were performed.

_The calculated LDA, VMC, and DMC energies are
shown in Fig. 2(a). A number of corrections should
be added to these results before proper comparisons can
be made. The LDA energies shown in Fig. 2(a) were
calculated using a 40 Ry basis set energy cutoff, and cal-
culations performed with various cutoffs up to 125 Ry
indicate that the infinite-basis-set LDA energies are ap-
proximately 0.12 eV per atom lower, essentially indepen-
dent of volume. The VMC energies are expected to be
lowered by a similar amount, but the DMC results are
expected to be insensitive to the basis set used for the
guiding wave function, as shown in Ref. 10. We also
add finite-size corrections, which are of two types: (i)
LDA finite-size corrections, and (ii} Coulomb finite-size
corrections. The LDA finite-size correction is defined as
the difference between the LDA result for a given su-
percell and the LDA result for a very large supercell (at
the same energy cutoff of 40 Ry). The existence of a
Coulomb finite-size effect, which is not included in the
LDA, has been demonstrated by a number of previous
calculations,*72® The need for such a correction can be
seen by considering the case of jellium calculations using
a supercell technique. In this case, the charge density
is uniform whatever the supercell size, and, therefore,
the LDA gives the same electron-electron interaction en-
ergy independent of supercell size. However, in a true
many-body calculation with explicit electron-electron in-
teractions, the interaction term in Eq. (1) is certainly a
function of the supercell size, and, therefore, we expect
an extra finite-size effect which is not included in the
LDA, and is expected to be proportional to 1/r,, where
rs is the average density parameter.

The LDA and Coulomb finite-size corrections are ap-
proximated by

[23

EQuvc = EgMc + B — Bipas + Nro
8

(19)
where EgMc is the energy calculated using a QMC tech-
nique (VMC or DMC) for a supercell containing N elec-
trons, ELY, , is the LDA energy for N electrons, and & is a
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.

constant. The Coulomb correction term in Eq. (19) gives
a volume dependent contribution to the QMC energies,
because of the assumed 1/r, dependence. The data given
in Table I of our earlier paper!! for 2x2x2and 3x3x3
supercells of diamond-structure germanium at the exper-
imental equilibrium lattice constant, which corresponds
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FIG. 2. (a) Uncorrected LDA (circles), VMC (squares),
and DMC (diamonds) energies of diamond-structure germa-
nium in eV per atom as functions of volume expressed as a
fraction of the equilibrium volume of Vy = 22.55 A3 per atom.
The VMC and DMC energies are shown with error bars, which
indicate single standard deviations. The continuous lines are
guides to the eye.
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TABLE L. Optimized values of the parameters o, and £,
for the atomic x(r) function of Eq. (20). The units are chosen
so that the distances, r, in Eq. (20) must be given in atomic
units.

n=1

n=0 B n=2 n=3
On 1121195  18.314929 0.000 323 0. 000 093
0.414 404

240.884 043 1.669 605

to r, = 2.086, gives enough information to obtain val-
ues of the parameter a in several different ways. The
I'-point wave functions give a = 2.09 a.u. (VMC data)
and o = 1.88 a.u. (DMC data), while the L-point wave
functions give corresponding values of @ = 2.16 a.u. and

= 2.72 a.u. To correct the L-point results reported
here we have used o = 2.72 a.u., which gives a Coulomb
correction of +0.55 eV per atom for the 2 x 2 x 2 supercell
at the equilibrium volume. This Coulomb correction was
not included in the results given in our earlier paper,*
but in all other respects, the results for the equilibrium
volume reported here are the same as in that paper. The
Coulomb correction should not be added to the LDA re-
sults. At the equilibrium volume the LDA energy for the
infinite supercell is ~107.526 eV per atom (using a 40 Ry
basis set cutoff), which gives a LDA finite-size correction
of —0.12 eV per atom for the 2 x 2 x 2 supercells used
here. This correction is constant to within 0.015 eV per
atom over the range of volumes considered, and we have
neglected this small volume dependence. We found that
within the LDA, and for very dense k point sampling the
system was metalhc at the volumes of 1.225 V,, 1.15 V,,
“and 0.775 V, but the effect on the energy was extremely
small. For the finite supercells used in the QMC calcu-
lations there was no band overlap at any of the k points
in the uniform mesh at any of the volumes.

Including the basis set correction (LDA and VMC
only), the LDA finite-size correction (LDA, VMC, and
DMC) and the Coulomb finite-size correction (VMC and
DMC only) to the original data of Fig. 2(a) gives our best
estimates of the absolute energies for the LDA, VMC,
and QMC methods, which are shown in Fig. 2(b). From
Fig. 2(b) it is clear that our best estimate of the total
energies, which are given by the corrected DMC results,
are slightly higher in energy than the LDA results near
the equilibrium volume. The results show a systematic
trend in which, relative to the LDA energies, the VMC
energies decrease as the volume is reduced. This effect
is more pronounced in the data without corrections [Fig.
2(a)], but is still present in the corrected data. Unfortu-
nately the statistical noise on the DMC data is too large
to see whether the effect is present in this case. Earlier

- VMC and DMC results on_silicon by Li et all® using

a pseudo-Hamiltonian approach?® showed a similar ef-
fect in the VMC results, which was greatly reduced in
the DMC data, from which they concluded that the trial
wave function worked better at smaller volumes because
the system was more uniform.

The statistical noise in the VMC and DMC data and
the large volume range considered mean that it is not
possible to obtain accurate values of the lattice constant
and bulk modulus from the QMC data. These quantities
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might be calculated using correlated sampling methods??
which are especially suited for calculating energy differ-
ences between similar systems.

VIL. ATOMIC CALCULATIONS

We have also performed VMC and DMC calculations
for the germanium atom in the 3P ground state configu-
ration. For the VMC calculations, we used a single deter-
minant wave function multiplied by a Jastrow factor and
a one-body function, as in the solid calculations. The
orbitals for the determinant were obtained from a non-
spin-polarized spherically-symmetric LDA atomic calcu-
lation in the s®p? configuration. We have also used or-
bitals obtained from a spin-polarized LSDA calculation,
but the difference was negligible. For the Jastrow corre-
lation factor, u(r), we used the same form as in the solid
calculations [Eq. (14)], with A=1.739767 a.u. and F,, ,,
chosen to satisfy the cusp conditions. Previous atomic
calculations have often employed a Jastrow factor of the
form u(r) = —ar/(1+br), but in our experience this gives
very similar results to Eq. (14). ‘

The inclusion of the Jastrow factor certainly improves
the description of correlation and so lowers the total
energy, but it also acts to smooth out the charge den-
sity, giving a form greatly different from the accurate
LDA charge density.®:® The charge smoothing effect of
the Jastrow factor is more important in atoms than in
solids, and is so severe for germanium that the Hartree-
Fock and Hartree-Fock-Jastrow energies are very similar.
The use of a one-body x(r) function to counteract this
charge smoothing is therefore essential. We have tested
several forms for x(r), limiting ourselves to spherically-
symmetric functions, which were independent of the spin
of the electrons, although of course for this atom the
charge density is not spherically symmetric and the atom
is spin polarized. First, we adopted the procedure of Fahy
et al.®® of constructing a x(r) function, which brings the
charge density towards the LDA form. Unfortunately, we
found that the VMC energy was rather sensitive to the
form chosen for x(r) when fitting to the noisy data ob-
tained from Eq. (15), and so this method was not very
successful. A much better procedure is to assume no
prior knowledge of the optimum electron density, but to
determine x(r) by minimizing the variance of the energy,
which has been shown to be a successful technique for
optimizing wave functions for QMC calculations.?® We
used a form for x(r), consisting of a linear combination
of even Hermite polynomials multiplied by Gaussians,

x(r) = Z oz,,Hz,.L('r)e"'Bi"2 , (20)

n=0

where the parameters a,, and (3, were adjusted to mini-
mize the variance of the VMC energy. The best value of
the VMC energy obtained was —103.234(1) eV, using a
four term expansion of x(r). The optimized parameters
o, and B, are given in Table I.
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A DMC calculation for the germanium atom was per-
formed using the optimized VMC wave function for the
guiding function, giving an energy of —103.416(2) eV. The
DMC energy for the atom is only 0.182 eV lower than
the VMC energy, which indicates that the u(r) function
of Eq. (14) and the x(r) function of Eq. (20), together
with the LDA orbitals, gives a good approximation to the
(fixed-node) wave function for the atom. For the solid, at
the experimental volume, the DMC energy is 0.54 eV per
atom lower than the VMC energy [see Fig. 2(a)], and,
therefore, the solid wave function is not as accurate as the
atomic one. This result illustrates one of the problems of
VMC calculations; it is difficult to form wave functions of
comparable accuracy for different systems. This problem
is greatly alleviated in DMC calculations, although it is
not altogether absent because the fixed node error will
be different in the atom and solid.

The DMC atomic energy is 0.618 eV lower than the
(spherically-symmetric and spin-polarized) LSDA result
of -102.798 eV. This is similar to the difference of 0.85 eV
obtained by Li et al.10 for the silicon atom using a pseudo
Hamiltonian. This result for silicon, and similar results
for nitrogen,'? have led the authors of Refs. 10 and 12 to
conclude that the major error in the LSDA/LDA calcu-
lations is in the atomic energies, but we urge caution in
this matter. As pointed out in Ref. 29, the (spherically-
symmetric and spin-polarized) LSDA gives too large a
magnitude of the sum of the four valence ionization en-
ergies of silicon and germanium, and, therefore, highly
accurate calculations should give less binding than the
LSDA for the four valence electrons, not more binding
as has been found in QMC pseudopotential calculations.
The resolution of this issue is not clear at the moment,
but it may be that there is a significant transferabil-
ity error when a pseudopotential created within a self-
consistent field formalism is used in a QMC calculation.
If this is correct then the QMC calculations could still
give accurate cohesive energies because we would hope
for a cancellation of this transferability error between the
atom and solid calculations. '

We now discuss the cohesive energy of germanium.
The finite-size corrected DMC energy for the solid at the
equilibrium volume is —~107.60 eV per atom, as plotted in
Fig. 2(b). Before we can compare with experiment, we
must add two more corrections to this energy; a correc-
tion of +0.29 eV to account for the difference between the
LDA cohesive energy calculated using a norm-conserving
pseudopotential®® and the value calculated with the local
pseudopotential used here, and a correction of +0.04 eV
from the zero-point motion. The DMC estimate of the
cohesive energy is then 107.60 — 0.29 — 0.04 — 103.416 =
3.85 eV per atom, which is in fact precisely equal to the
experimental value,®® and is much better than the LDA
result of 4.59 eV per atom.?® The precise agreement with
the experimental value should, of course, be viewed with
caution. It is possible that the uncertainties in the DMC
calculations could amount to an error of several tenths of
an electron volt in the DMC cohesive energy, but we are
confident that this error is much smaller than the error
of 0.74 eV in the LDA cohesive energy. In our earlier
work, we gave an estimate of the cohesive energy using
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the 3 x 3 x 3 supercell data of 4.01 eV,*! and the dif-
ference between this value and our estimate of 3.85 eV
is that our new estimate includes an additional Coulomb
finite-size correction of 0.16 eV.

VIII. CONCLUSION

Many-body calculations for crystalline solids are nor-
mally carried out using a supercell which contains a num-
ber of primitive unit cells of the crystal. In this case, the
Hamiltonian has two types of tramslational symmetry:
(i) invariance under the translation of any electron coor-
dinate by a supercell translation vector, and (ii) invari-
ance under the translation of all electron coordinates by a
translation vector of the underlying crystal lattice. These
two symmetries lead to the existence of two wave vectors,
which we denote as k, and k, [see Egs. (8) and (10)],
whose allowed values are linked by Eq. (12). Previous
QMC calculations for the ground state properties of insu-
lating solids have used wave functions with k, = k, = 0.
We have shown that performing VMC and DMC calcu-
lations at nonzero values of k, and/or k, is straightfor-
ward. We have pointed out that the freedom to choose
wave functions with different wave vectors allows the
use of a set of ideas derived from band structure theory
known as special k-points methods. For small supercells
and insulating systems, these special k-points methods
give results much closer to infinite-sized-supercell results

RAJAGOPAL, NEEDS, JAMES, KENNY, AND FOULKES 51

than zero-wave vector calculations. A particularly ad-
vantageous choice is k, = 0 and k, = G, /2, where G,
is a supercell-reciprocal-lattice vector, which, for a closed
shell configuration, allows the use of a real wave function.

"For the diamond-structure calculations reported here, we

have used k, = (1/2,1/2,1/2)2n/a,, which is closely re-
lated to a highly successful method of Brillouin zone in-
tegration introduced into band structure calculations by
Monkhorst and Pack.'* We have tested our methods by
performing calculations on germanium in the diamond
structure at seven different volumes, and find that using
the special k-point methods reduces the finite-size effects
considerably. The DMC energy for the germanium atom
is considerably lower than the LSDA energy, while in
the diamond-structure solid the DMC energy is slightly
higher. The DMC value of the cohesive energy of ger-
manium is very close to the experimental value, and is
significantly smaller than the LSDA value.
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